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a b s t r a c t
Exact breather-type and periodic-type soliton solutions including the double-breather-
type soliton solutions, the breather-type periodic soliton solutions and breather-type two-
soliton solutions, and the periodic-type two-soliton and three-soliton solutions for the
(2 + 1)-dimensional breaking soliton equation are obtained using the extended three-
wavemethod (ETM). The results show that the ETMmay provide us with a straightforward
and effective mathematical tool for seeking multi-wave solutions of higher dimensional
nonlinear evolution equations.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
As is well known, direct seeking for exact solutions to nonlinear evolution equations (NLEEs) has become one of the
central themes of perpetual interest in mathematical physics. In the past few decades, many powerful and systematic
methods have been developed [1–5]. Recently, the extended three-wave method (ETM), a new method for seeking three-
wave solutions for NLEEs,was proposed byDai andWang [6–8]. By applying thismethod, varieties of solitary-wave solutions
of some NLEEs are obtained [6–8].
The breaking soliton equations are kinds of NLEEs which can be used to describe the (2+ 1)-dimensional interaction of
a Riemann wave propagating along the y-axis with a long wave propagating along the x-axis. In the past few years many
authors have studied the properties and explicit solutions of the breaking soliton equations, such as the Painlevé property,
localized coherent structures, periodic wave solutions, non-traveling wave solutions, multi-soliton solutions and so on [9].
In this work, we apply the ETM to the (2 + 1)-dimensional breaking soliton equation. Soliton solutions of some new
types are obtained, including double-breather-type solitons, breather-type periodic solitons, and two-soliton, periodic-type
two-soliton and three-soliton solutions.
This paper is organized as follows: in Section 2, we briefly describe the extended three-wave method; in Section 3, we
derive the bilinear form of the (2 + 1)-dimensional breaking soliton equation; in Section 4, we obtain solutions of several
types for the (2+ 1)-dimensional breaking soliton equation; finally, some conclusions are given.
2. Description of the extended three-wave method (ETM)
We consider a general form of a higher dimensional nonlinear evolution equation
F(u, ut , ux, uy, uz, uxx, uyy, uzz, . . .) = 0 (1)
where u = u(x, y, z, t) and F is a polynomial in u and its derivatives.
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The basic idea of the extended three-wave method can be expressed in the following form:
Step 1.
By Painlevé analysis, a transformation is carried out:
u = T (f ) (2)
where f is a new unknown function.
Step 2.
By using (2), Eq. (1) can be converted into Hirota’s bilinear form:
G(Dt ,Dx,Dy; f , f ) = 0 (3)
where the D-operator [10] is defined by
Dmx D
n
t f (x, t) · g(x, t) =

∂
∂x
− ∂
∂x′
m 
∂
∂t
− ∂
∂t ′
n
[f (x, t)g(x′, t ′)]|x′=x,t ′=t .
Step 3.
To seek the three-wave solution of Eq. (3), instead of using the standard ansatz of the three-soliton method [10]:
f = 1+ eξ1 + eξ2 + eξ3 + a12eξ1+ξ2 + a13eξ1+ξ3 + a23eξ2+ξ3 + Deξ1+ξ2+ξ3 , ξi = aix+ biy+ cit + ξ 0i
we assume that Eq. (3) has a three-wave solution in the form
f = e−ξ1 + δ1 cos ξ2 + δ2 cosh ξ3 + δ3eξ1 (4)
for a (2+1)-dimensional system,where ai, bi, ci, δi (i = 1, 2, 3) are unknown constants to be determined later, and similarly
for higher dimensional systems.
Step 4.
Substituting Eq. (4) into Eq. (3), and collecting the coefficients of ejξ1 , cos ξ2, sin ξ2, cosh ξ3, and sinh ξ3, j = −1, 1, . . . ,
then equating coefficients of these terms to zero, we obtain a set of overdetermined algebraic equations in ai, bi, ci and
δi (i = 1, 2, 3).
Step 5.
Solving the set of algebraic equations defined in step 4 with the aid of Maple, we can find solutions of ai, bi, ci and
δi (i = 1, 2, 3).
Step 6.
Substituting the values of ai, bi, ci and δi (i = 1, 2, 3) identified into Eq. (4) and then Eq. (2), we can obtain abundant
exact multi-wave solutions of Eq. (1).
3. The bilinear form of the (2+ 1)-dimensional breaking soliton equation
We now consider the (2+ 1)-dimensional breaking soliton (BS) equation [9]
ut + αuxxy + 4αuvx + 4αuxv = 0,
uy = vx, (5)
where α is a known constant.
We use the dependent variable transformation
u = 3(ln f )xx, v = 3(ln f )xy. (6)
Substituting (6) into the (2 + 1)-dimensional BS equation (5), integrating with respect to x and choosing the constant of
integration to be zero, the (2+ 1)-dimensional BS equation (5) can be written in the bilinear form
(DxDt + αDyD3x)(f · f ) = 0, (7)
where f (x, y, t) is an unknown real function.
Obviously, the potential functions u, v determined by (6) are solutions of the BS equation (5) if function f is a solution of
the bilinear equation (7).
4. Exact solutions of the (2+ 1)-dimensional BS equation
In this section, let the ansatz f of the ETM be expressed in the form
f = cos ξ1 + p1e−ξ2 + p2eξ2 + p3 cosh ξ3, (8)
where ξ1 = a1x+b1y+c1t, ξ2 = a2x+b2y+c2t+η2, ξ3 = a3x+b3y+c3t+η3, and p1, p2, p3, a1, a2, a3, b1, b2, b3, c1, c2, c3
are some constants to be determined below. η2, η3 are any constants.
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Nowsubstituting Eq. (8) into Eq. (7) and equating all the coefficients of different powers of e−ξ2 , eξ2 , cos ξ1, sin ξ1, sinh ξ3,
cosh ξ3 and the constant term to zero, we can obtain a set of algebraic equations for p1, p2, p3, a1, a2, a3, b1, b2, b3, c1, c2, c3.
Solving the system with the aid of Maple, we get the following results:
Case 1.
a2 = 0, a1 = a3i, b3 = b1i, c1 = −αa23b1, c2 = −αa23b2, c3 = −αa23b1i, p3 = 1 (9)
where p1, p2, a1 (or a3), b1 (or b3), b2 are some free constants, i2 = −1.
Case 2.
a1 = a2 = 0, c3 = b3 = 0, c1 = −αa23b1, c2 = −αa23b2 (10)
where p1, p2, p3, a3, b1, b2 are some free constants.
Case 3.
b2 = −b3, a2 = a3, a1 = 0, p1 = p
2
3
4p2
, c1 = −αa22b1, c2 = αa22b3, c3 = −αa22b3 (11)
where p2, p3, a2 (or a3), b1, b3 are some free constants.
Case 4.
c2 = b2 = 0, a1 = a3 = 0, c1 = −αa22b1, c3 = −αa22b3 (12)
where p1, p2, p3, a2, b1, b3 are some free constants.
Case 5.
a3 = a2, a1 = a2i, c1 = −4αa22b1, c2 = −4αa22b2, c3 = −4αa22b3 (13)
where p1, p2, p3, a2, b1, b2, b3 are some free constants.
Case 6.
a1 = a2i, a3 = 0, b1 = −b2i, c1 = αa22b2i, c2 = −αa22b2, c3 = −αa22b3, p1 =
1
4p2
(14)
where p1 (or p2), p3, a1 (or a2), b1 (or b2), b3 are some free constants.
Hence, some exact solutions of the (2+ 1)-dimensional BS equation are found from (9)–(14), respectively.
4.1. Double-breather-type soliton solutions
For convenience, we set θ = 12 ln p2p1 and we always suppose that p1p2 > 0 in the following section unless specifically
stated otherwise.
In case 1, if a1, b1 are real numbers, then b3 = b1i, a3 = −a1i, c1 = αa21b1, c2 = αa21b2, c3 = αa21b1i. Substituting
this relation into Eq. (8) with Eq. (6) and taking η3 = η˜3i, η˜3 ∈ R, yields the double-breather-type soliton solution of the
(2+ 1)-dimensional BS equation as follows:
u1 = −6a
2
1
√
p1p2(cos ξ1 + cos ξ3) cosh(ξ2 + θ)+ cos(2a1x− η˜3)+ 1

cos ξ1 + 2√p1p2 cosh(ξ2 + θ)+ cos ξ3
2 , (15)
v1 = −6a1
√
p1p3 (b1(cos ξ1 − cos ξ3) cosh(ξ2 + θ)− b2(sin ξ1 + sin ξ3) sinh(ξ2 + θ))
cos ξ1 + 2√p1p3 cosh(ξ2 + θ)+ cos ξ3
2 (16)
where ξ1 = a1x+ b1(y+ αa21t), ξ2 = b2(y+ αa21t)+ η2, ξ3 = a1x− b1(y+ αa21t)− η˜3, and p1, p2, a1, b1, b2 are some real
free constants.
4.2. Breather-type periodic soliton solutions
In case 2, taking a3 = a˜3i, η3 = η˜3i, a˜3, η˜3 ∈ R, by means of Eq. (8) with Eq. (6), we obtain the breather-type periodic
soliton solution of the BS equation (5) as follows:
u2 = −3a˜
2
3p3

cos ξ1 cos ξ3 + 2√p1p2 cosh(ξ2 + θ) cos ξ3 + p3

cos ξ1 + 2√p1p2 cosh(ξ2 + θ)+ p3 cos ξ3
2 , (17)
v2 = 3a˜3p3

2b2
√
p1p2 sinh(ξ2 + θ)− b1 sin ξ1

sin ξ3
cos ξ1 + 2√p1p2 cosh(ξ2 + θ)+ p3 cos ξ3
2 (18)
where ξ1 = b1(y+ αa˜23t), ξ2 = b2(y+ αa˜23t)+ η2, ξ3 = a˜3x+ η˜3, and p1, p2, p3, a˜3, b1, b2 are some real free constants.
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4.3. Breather-type two-soliton solutions
In case 3, suppose that p3 > 0. Substituting Eq. (11) into Eq. (8) with Eq. (6), we obtain the breather-type two-soliton
solution of the BS equation Eq. (5) as follows:
u3 = 3a
2
2p3 ((cos ξ1 + 2p3 cosh ξ3) cosh(ξ2 + θ)+ cos ξ1 cosh ξ3 − 2p3 sinh(ξ2 + θ) sinh ξ3 + 2p3)
(cos ξ1 + p3 cosh(ξ2 + θ)+ p3 cosh ξ3)2
, (19)
v3 = 3a2p3 (b2(cosh(ξ2 + θ)− cosh ξ3) cos ξ1 + b1(sinh(ξ2 + θ)− p3 sinh ξ3) sin ξ1)
(cos ξ1 + p3 cosh(ξ2 + θ)+ p3 cosh ξ3)2
(20)
where ξ1 = b1(y− αa22t), ξ2 = a2x+ b2(y− αa22t)+ η2, ξ3 = a2x− b2(y− αa22t)+ η3, and p2, p3, a3, b3, b2 are some real
free constants.
4.4. Periodic-type two-soliton and three-soliton solutions
In case 4, if b1 and a2 are pure imaginary, then a2 = a˜2i, b1 = b˜1i, a˜2, b˜1 ∈ R. Substituting this relation into Eq. (8) with
Eq. (6), and taking p1 = p2, η2 = η˜2i, η˜2 ∈ R, we obtain the periodic-type two-soliton solution of the BS equation (5) as
follows:
u4 = −6a˜
2
2p1 (cos ξ2 cosh ξ1 + b3p3 cos ξ2 cosh ξ3 + 2p1)
(cosh ξ1 + 2p1 cos ξ2 + p3 cosh ξ3)2
, (21)
v4 =
6a˜2p1

b˜1 sinh ξ1 + b3p3 sinh ξ3

sin ξ2
(cosh ξ1 + 2p1 cos ξ2 + p3 cosh ξ3)2
(22)
where ξ1 = b˜1(y+ αa˜22t), ξ2 = a˜2x+ η˜2, ξ3 = b3(y+ αa˜22t)+ η3, and p1, p3, a˜2, b˜1, b3 are some real free constants.
In case 5, if a2 is a real number, then b1 = b˜1i, c1 = −4αa22b˜1i, b˜1 ∈ R. By means of Eqs. (13), (8) and (6), we obtain the
three-soliton solution of the BS equation (5) as follows:
u5 = 3a
2
2

4
√
p1p3 (cosh(ξ1 − ξ2 − θ)− p3 cosh(ξ2 − ξ3))+ 2p3 cosh (ξ1 − ξ3)+ p23 + 4p1p2 + 1

cosh ξ1 + 2√p1p3 cosh(ξ2 + θ)+ p3 cosh ξ3
2 , (23)
v5 =
6a2
√
p1p2

(b˜1 + b2) cosh(ξ1 − ξ2 − θ)+ p3(b2 + b3) cosh(ξ2 − ξ3)


cosh ξ1 + 2√p1p2 cosh(ξ2 + θ)+ p3 cosh ξ3
2
+
3a2

(b˜1 + b3)p3 cosh(ξ1 − ξ3)+ b3p23 + 4b2p1p2 + b˜1


cosh ξ1 + 2√p1p2 cosh(ξ2 + θ)+ p3 cosh ξ3
2 (24)
where ξ1 = a2x+ b˜1(y− 4αa22t), ξ2 = a2x+ b2(y− 4αa22t)+ η2, ξ3 = a2x+ b3(y− 4αa22t)+ η3 and p1, p3, a2, b˜1, b2, b3
are some real free constants.
Similarly, in case 6, if a2, b2 are real numbers, we also obtain the three-soliton solution of the BS equation (5), or if a1, b1
are real numbers, the solution is double-breather-type of soliton solution.
It can be verified that all solutions obtained above are indeed the solutions of the (2+ 1)-dimensional BS equation.
5. Concluding remarks
We have successfully applied the extended three-wavemethod (ETM) to the (2+1)-dimensional BS equation. Abundant
new three-wave solution types have been obtained including double-breather-type periodic solitary-wave solutions,
breather-type periodic soliton and two-soliton solutions, and periodic-type two-soliton solutions. These results show that
the ETM provides a very effective and powerful mathematical tool for solving nonlinear higher dimensional integrable and
non-integrable systems.
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